Abstract -In direct-drive electric propulsion systems, where there is no reduction gear to minimize and absorb the adverse effects due to cogging torque generated by the permanent magnet (PM) machine, minimization of cogging torque generation is of particular importance. In this paper, a novel axial magnet pole pairing method is proposed to minimize cogging torque generation in a special three-phase outer-rotor PM brushless machine, which uses uneven stator poles to enhance back EMF. Analytical formulas of the machine's cogging torque are first derived. The new technique is compared with conventional cogging torque suppression methods by means of analytical models and comprehensive two-and three-dimensional finite element analysis (FEA). The FEA results show that the new method not only achieves effective cogging torque reduction, but also results in less magnet material with no compromise on machine performance. Finally, the validity of the FEA model is verified by experimental results from the prototype machine.
I. INTRODUCTION
Direct-drives, in which there is no reduction gear for speed and torque conversions, are increasingly popular in electric propulsion applications, due to the many benefits such as lower component count, less maintenance, higher efficiency, less mechanical losses and noises. However, the high strength permanent magnets used in these direct-drives, while capable of generating remarkably high torque at low speed to make direct-drive possible in the first place, also adds to the undesirable effects of high cogging torque in the motor. Moreover, the undesirable effects of cogging torque are unabated in direct-drives as there is no reduction gear. Minimization of cogging torque generation is therefore of particular importance. Analytical studies of cogging torque prediction in surface mounted permanent magnet machines are well documented [1] - [6] and various approaches of cogging torque reduction are comprehensively introduced [7] - [18] , nevertheless it is noteworthy that each approach has its own limitations, and some are far more costly to implement than others. For example, although skewing stator slots one-slot pitch can virtually eliminate all cogging torque [2] , this approach will be difficult to implement in practice with standard winding machines. Alternatively, uniformly skewed rotor magnets can be employed with similar results. However, skewed magnets are very difficult to properly position and align. Moreover, identification of incorrectly assembled rotors can be particularly arduous as the back EMF of an incorrectly assembled rotor may not vary sufficiently from that of a properly assembled rotor to signify an incorrect assembly of magnets. Stepped skewing the rotor is an alternative technique to ease the construction and assembly of the rotor, and can effectively suppress the cogging torque [7] , [8] . Cogging torque can also be significantly reduced by optimized selection of slot and pole combination, stator tooth width and rotor magnet spacing [7] , [9] - [12] . Less common yet ingenious measures such as stator teeth pairing [13] , stator slot pairing [14] , teeth notching [7] , [11] , [15] , [16] , magnets pairing [7] , magnets segmentation [17] , magnets shifting [7] , [18] , have also been proposed. From these studies, it can be concluded that suppression of cogging torque invariably leads to some degree of compromise in the performance of the machine, as well as cost penalties in implementation.
In this paper, the minimization of cogging torque of a directdrive system using a special outer-rotor surface mounted PM brushless machine is investigated. The analytical model of the PM machine, which uses asymmetric stator teeth to enhance back EMF, is developed using the method of superposition. Cogging torque minimization techniques of stator teeth pairing, optimal magnet pole arc width and stepped rotor skewing, are then applied and studied. A new cogging torque suppression method, called axial magnets pairing, is proposed. Compared to the conventional circumferential magnets pairing technique, the proposed method still keeps the machine symmetry thus allows parallel connection of coils in each phase. Importantly, there is no unbalance radial magnetic force. Moreover, this technique not only achieves cogging torque reduction with virtually no compromise in performance, but also results in potential cost savings of magnet material. Both the analytical and FEA results are employed to verify the proposed technique. Finally, the validity of the analytical and FEA models is confirmed with the experimental results from the prototype.
II. COMPUTATION OF COGGING TORQUE
Generally, there are two distinct approaches to predict cogging torque: the analytical and numerical ones. The analytical approaches are suitable for relatively simple geometry, but may lead to inaccuracy due to oversimplification. Nonetheless, analytical methods provide closed form solutions that can facilitate insightful performance predictions with confidence, which make them ideally suited for preliminary design. On the contrary, the numerical measures, which are normally realized by 2-D and 3-D FEA methods, offer more accurate assessments for even complex geometry. However, FEA methods are usually computationally intensive, and will become extremely time-consuming for optimization involving numerous repetitive computations. Thus, it is instructive to consider analytical and numerical methods as complementary design tools. Typically, analytical methods are used to determine a feasible range for the design parameters, and FEA is used to verify the analytical results, and final design optimization where necessary.
A. Analytical Expression of Cogging Torque
There are three basic ways to analytically predict the cogging torque, a) integration of the lateral forces along the slot sides [1] , [4] , b) derivative of the air gap co-energy [3] , and c) integration of the tangential component of Maxwell stress tensor along a circular contour inside the air gap [5] , [6] . Due to its simplicity and reasonable accuracy, the first approach is chosen. Based on typical assumptions [1] , the cogging torque can be formulated as the net lateral force acting on the stator teeth, which can be achieved in three stages. First, the air gap flux density distribution of the ideal slotless machine is derived. Then the simplified air gap permeance responsible for slot opening effect is deduced to modify the air gap flux density. Finally, the cogging torque is computed by synthesizing the torque developed by each single slot.
The machine under study uses permanent magnets with parallel magnetization. Hence, the flux density at the surface of the stator bore for an ideal slotless configuration can be expressed as
Where K B (n) can be found in [19] , R s and R m are the machine stator outer radius and magnet inner radius respectively, p is the number of pole pairs. The slot opening effect is taken into account by means of the relative permeance, and the relative permeance in slot area is derived as
Where R r is magnet outer radius,  r is the magnet the relative recoil permeability, and  p is the angle between the calculated position and its closest slot side. 
Where N s and  s are the number of machine slots and machine slot opening angle span respectively.
B. Finite Element Prediction of Cogging Torque
FEA is now used routinely for machine performance assessment, due to advances in development tools. Cogging torque prediction based on FEA requires accurate field solutions, and thus a large number of meshes. The Maxwell Stress method and the virtual work and energy methods are widely employed by FEA software to calculate electromagnetic force and torque [20] . In this study, the FEA software JMAG-Studio 9.0 is used to predict the electromagnetic performance of the machine. Specifically, the software employs an efficient method called Nodal Force method (NFM) as the framework of finite elements [21] . Here, cogging torque is computed by means of NFM. Figure 1 shows the cross-section and open-circuit field distribution of the outer-rotor PM brushless machine, which has 40 magnet poles on the rotor, and 48 unequal stator poles. Figure 2 is an exploded view of the machine, which shows the design adopts a simple and effective open-frame configuration for heat dissipation arising from high current density in the windings. The machine uses 0.2 mm lamination sheets to minimize core losses arising from high electrical frequency developed, and employs high strength parallel magnetized rare earth neodymium-iron-boron (NdFe35SH) permanent magnets mounted on the inner surface of the back iron ring to achieve high torque density. The single-layer concentrated winding coils are positioned in the wider stator poles to achieve high fill factor and flux linkage. As such the coils are physically isolated from one another by the narrower stator poles. Thus, mutual inductance is small and good fault tolerance results. The key design parameters of the machine are given in Table І .
III. OUTER-ROTOR PM BRUSHLESS MACHINE
Although the stator poles are uneven, the machine can be considered as a superposition of two identical motors having equal stator poles displaced by a certain angle. Consequently, based on equation (3), the cogging torque can be derived as
Where  d is the displacement angle between two sets of equally distributed slots.
IV. STATOR TEETH PAIRING
In general, cogging torque can be attenuated by reducing the stator slot opening width. However, small stator slot-opening makes the winding process very difficult. Thus the slotopening width is remained unchanged. From the preceding analytical formulae, the cogging torque of this unequal 48 teeth 40 poles machine can be calculated by integrating the cogging torques of two equal 24 teeth 40 poles machines with a phase difference. The period of cogging torque for equal stator teeth machines can easily be found as 2lcm(N s ,2p), where lcm(N s ,2p) stands for the lowest common multiple of N s and 2p. Thereby, the odd harmonics of the cogging torque can be eliminated if the two terms on the right side of (4) have phase difference as lcm(N s /2,2p), whilst the even harmonics, which are normally negligible anyway, will be doubled instead. Minimum cogging torque occurs when displacement angle is
With the machine rotor magnet span angle kept at 8 o , the peak-to-peak cogging torque values with different displacement angles are computed by analytical and FEA models. The results in Figure 3 show good agreements between the analytical and FEA results, thus verify equation (5) . The cogging torque profiles from analytical and FEA estimations for some displacement angles are illustrated in Figure 4 . It can be perceived that the cogging torque could be significantly reduced by changing the stator configuration. From equation (5), one can select the displacement angle as 7. , cogging torque is much bigger than the theoretical value. As the displacement angle gets smaller, the slots will interact with each other so that equation (2) no longer works as well. Moreover one set of stator poles will become narrow and can easily cause local saturation which will cause inaccuracy in equation (1) . Since the analytical model ignores the saturation of the stator core and the influences between the slots, the deviations between the analytical and FEA results will be more prominent as displacement angles get smaller, which is evident by examining both Figure 3 and Figure 4 . Thus, small displacement angles are not favored in practice as excessive saturation in the stator core would deteriorate machine performance considerably. Here, the stator tooth width is made changed in accordance with the displacement angle, which is also well known as stator teeth pairing technique [13] .
V. MAGNET POLE ARC WIDTH
Whilst rotor magnet pole arcs can greatly influence the magnitude of the cogging torque, an optimum value that minimizes cogging torque is always obtainable. From Figure 5 , this is found to be 0.74 for the existing machine design. It is noted that the optimum value is larger than the ones in [11] , [18] , because parallel magnetized magnets are employed instead of radially magnetized ones. Figure 6 shows the cogging torque waveforms for different magnet pole arc widths from both analytical and FEA evaluations. Good agreements between the results from analytical model and FEA are achieved. The cogging torque is suppressed effectively by selecting the optimal magnet pole arc width. However, a relatively small magnet pole arc would reduce the flux linkage, and hence the average torque output. Consequently, a compromise usually needs to be taken during the machine design stage. Furthermore, as smaller magnet pole arc widths increase leakage between the permanent magnet and the rotor back iron, the analytical assumption will become less valid, which explains the deviations of the analytical results from the FEA results at small arc widths, as can be seen in Figure 5 and Figure 6 . It is also noted that the existing machine inheres in quite high cogging torque when the magnet pole arc turns into full-size. In addition, it is worth noting that the existing magnet pole arc (0.89) would turn to an optimal value if the machine approaches the equal teeth configuration, as can be inferred from Figure 3 and Figure 4 .
VI. STEPPED ROTOR SKEWING
Although skew rotor is a well-known method to reduce the cogging torque in surface-mounted PM machines [2] , it is not popular in practice due to difficulty in implementation. However, a variant form called stepped rotor skewing [7] or stepped rotor magnets [8] , is more popular as implementation is made simpler. Figure 7 shows the method uses discrete steps to skew the permanent magnets axially. If the axial interactions between the magnets are negligible, the cogging torque can be synthesized as     
Where N ss is the number of discrete steps, and  ss is the mechanical skew angle between the two modules, the optimal value of which can be given as
Normally, k is chosen as unity so that the machine performance will not be compromised beyond an optimal limit. By inspection, it is noted that all the cogging torque harmonics can be eliminated except those multiples of N ss by equally skewing the rotor magnets optimal value from equation (7) . From previous analysis, there is almost no even cogging torque harmonics in the existing machine. Consequently, two discrete steps skewed by 1.5 degree is considered adequate. Apart from the analytical and synthesized 2-D FEA results, 3-D FEA is undertaken to model the axial flux interaction and end effects. Only one eighth of the motor is modeled by periodic boundary conditions. Figure 8 shows the 3-D mesh and no-load flux density distribution of the machine with stepped rotor skewing. The analytical and FEA cogging torque profiles for the original machine and machine with stepped rotor skewing are shown in Figure 9 , where good agreements between the results are evident. The synthesized results from analytical formula are close to zero, 2-D FEA results are slightly higher, and the 3-D FEA results are highest as a result of the inclusion of the axial interactions and end effects in the model. The phase back EMFs are shown in Figure 10 , which shows the stepped rotor skewing technique slightly reduce the areas of the back EMF trapezoid, and thus the machine performance. It can be concluded that cogging torque can be sufficiently suppressed by stepped rotor skewing technique with minimum compromise of performance for the proposed machine.
VII. PROPOSED AXIAL MAGNET PAIRING
Implementing circumferential magnets pairing artfully can also reduce cogging torque of PM brushless machine efficiently [7] . However, with different PM arc widths, the back EMFs induced in the coils of each pole are different, hence parallel connection of the coils for each phase poses extra challenge in implementation. A new technique to facilitate parallel connection of coils, called axial magnets pairing, is proposed to suppress the cogging torque. It should be emphasized that the magnet pairs can comprise different axial lengths as well as different pole arc widths, as graphically illustrated in Figure 11 . Similar to conventional circumferential magnets pairing, it is always cumbersome to find the proper magnet pole arc width pairs to reduce cogging torque effectively for the axial magnets pairing technique. An efficient approach to find the proper pairs is therefore highly desirable. The axial magnets pairing can be considered as several different-axial-length machines with the same stator configuration axially conjoined together.
So the same approach can be taken as in stepped rotor skewing, the cogging torque can therefore be simply derived by synthesizing the corresponding machines by neglecting the axial interactions as 
Where N sp is the number of different pole arc width magnets, l si and B Rsipi () are the axial length and no-load air-gap flux density distributions at the surface of the stator bore with an ideal slotless configuration for i th magnet set respectively. Without loss of generality, only one magnet pair with same axial length is considered in this study. From Figure 5 and Figure 6 , it can be seen that the polarity of the cogging torque of the machine alters when the magnet pole arc width changes from one side of the optimum 'trough' to the other side. According to equation (8) , the cogging torque should have different polarities and same peak value for the proper magnet pole arc width pair. Figure 5 provides a very convenient means to attain the proper pair and to implement the axial magnets pairing technique. The pair of 5.5mm and 7.5mm is obtained from Figure 5 for the proposed machine. Meanwhile the machine with same volume of magnet, 6.5mm magnet pole arc width, is also studied for comparison. In order to estimate cogging torque more accurately, the axial interactions and end effects are taken into account by using 3-D FEA. Figure 12 shows the 3-D mesh and no-load flux density distribution of the machine with axial magnets pairing.
The analytical and FEA results for the machines are shown in Figure 13 . There is considerable discrepancy between the analytical and FEA results, as the superiority of the FEA to model more complex geometry becomes evident. From the FEA results, the average of the pair of 0.72, which is close to the optimal value as investigated in section V, possesses the lowest cogging torque. It can also be seen from the 3D FEA results that the peak cogging torque value of axial magnets pairing is about 20% lower than the normal machine with same volume magnet, and about 50% lower than the stepped magnets configuration. The phase back EMF waveforms are shown in Figure 14 , which shows the axial magnets pairing configuration has almost the same back EMF as normal machine with the same volume of magnets. Thus, from the FEA results, it can be deduced that the proposed axial magnets pairing technique not only is more effective in suppressing cogging torque results than the optimal magnet pole arc width with same magnet volume, but also helps save the cost of magnet material without compromising the machine performance. The technique can be a beneficial complement to axial magnets segmentation technique, which is normally employed to reduce the magnet eddy current losses.
VIII. EXPERIMENTAL ANALYSIS
A prototype of the outer rotor machine is built for validation of the FEA models and the proposed cogging torque methods.
The prototype machine, which has no cogging torque suppression implemented, is used for baseline validation. Figure 15 shows the prototype machine and experimental setup. Due to large experimental errors incurred and relative insignificance of non-peak cogging torque, only the peak value of the cogging torque has been measured. Figure 16 shows the cogging torque profiles from the analytical formulae and the FEA, and compares these with the experimental result. Allowing for measurement errors and manufacture tolerances, the results show good agreements between the experimental and those predicted. The analytical result and the FEA results are thus verified by the experimental results. Figure 17 shows the back EMF waveforms of the machine, in which excellent agreements between the FEA and experimental results are also demonstrated. Importantly, since measurement of voltage (back EMF) generally incurs relatively less experimental and setup errors than those incur in measurement of low level of cogging torque, the back EMF results are deemed to be of more significance. It can be seen that from the results, with no suppression technique employed in the design, the existing machine has cogging torque of 1.8Nm, or nearly 11.5% of the rated torque output, which may cause considerable adverse effects of vibration and noises in the direct-drive application. Cogging torque suppression is therefore highly desirable. From the comprehensive studies on the cogging torque reduction using the FEA model that has now been validated , it shows that the proposed axial magnets pairing method provides the most cost-effective means for cogging torque reduction of this specific outer rotor PM machine.
IX. CONCLUSION
The cogging torque suppression techniques are investigated for a specific outer rotor 3-phase PM brushless machine with an unequal 48 teeth 40 poles configuration, covering a range of methods from both stator and rotor perspectives, and involving stator teeth pairing, optimal magnet pole arc width and stepped rotor skewing. A new technique called axial magnets pairing is then proposed. Comparative studies between the new technique and existing methods show that the proposed method not only reduces cogging torque very effectively, but also achieves potential cost savings in magnet material and ease of assembly. Furthermore, experiments are undertaken to validate the analytical and FEA results. Although the investigation is undertaken on an outer rotor PM machine with a specific configuration, it is envisaged the proposed method can also be applied to other PM machines with different configurations.
